The properties of nuclear matter are studied using state-of-the-art nucleon-nucleon forces up to fifth order in chiral effective field theory. The equations of state of symmetric nuclear matter and pure neutron matter are calculated in the framework of the Brueckner-Hartree-Fock theory. We discuss in detail the convergence pattern of the chiral expansion and the regulator dependence of the calculated equations of state and provide an estimation of the truncation uncertainty. For all employed values of the regulator, the fifthorder chiral two-nucleon potential is found to generate nuclear saturation properties similar to the available phenomenological high precision potentials. We also extract the symmetry energy of nuclear matter, which is shown to be quite robust with respect to the chiral order and the value of the regulator.
Introduction
The nuclear force, a residual strong force between colorless nucleons, lies at the very heart of nuclear physics. Enormous progress has been made towards its quantitative understanding since the seminal work by Yukawa on the one-pion-exchange mechanism, which has been published more than eight decades ago [1] . Already in the fifties of the last century, Taketani et al. have pointed out that the range of nucleon-nucleon (N N ) potential can be divided into three distinct regions [2] . While the long-distance interaction is dominated by one-pion exchange, the two-pion exchange mechanism plays an important role in the intermediate region of r ∼ 1 . . . 2 fm. Multi-pion exchange interactions are most essential in the core region. After the discovery of heavy mesons, the N N potential was successfully modeled using the one-boson-exchange (OBE) picture [3, 4] with multi-pion exchange potentials being effectively parametrized by single exchanges of heavy mesons like σ-, ω-and, ρ-mesons. With a fairly modest number of adjustable parameters, the OBE potential models such as the Bonn [5, 6] and Nijmegen 93 [7] models were able to achieve a semi-quantitative description of N N scattering data. Furthermore, based on the general operator structure of the two-nucleon interaction in coordinate space, a phenomenological N N potential model was also developed by the Argonne group [8] . In the 1990s, high-precision charge-dependent N N potential models such as e.g. the Reid93 and Nijmegen I, II [7] , AV18 [9] and the CD Bonn [10] potentials have been developed, which describe the available proton-proton and neutron-proton elastic scattering data with χ 2 /datum∼ 1.
for all available cutoff values, while the theoretical uncertainty from the truncation of the chiral expansion is quantified in section 4. Finally, the main conclusions of our paper are summarized in section 5.
Brueckner-Hartree-Fock theory
In the BHF theory of nuclear matter, the underlying N N potential, determined by the N N scattering data, is replaced by an effective N N interaction, i.e. the G-matrix, which can be calculated by solving the Bethe-Goldstone equation [57, 62] ,
where V is the underlying N N potential provided by chiral EFT, ρ is the nucleon number density, and ω the starting energy. The single-particle energy is
The continuous choice for the single-particle potential U (k, ρ) used in the present BHF theory [62] has the form
where the subscript a indicates antisymmetrization of the matrix elements. These coupled equations are solved in a self-consistent way. Finally, in the BHF theory, we obtain the energy per nucleon as
Results
In Fig. 1 , we show our results for the density dependence of the energy per nucleon of symmetric nuclear matter and pure neutron matter for all available chiral orders and cutoff values, where the G−matrices are solved up to the partial waves J = 6. We remind the reader that the long-range contributions are regularized in the newest chiral N N potentials by multiplying the corresponding coordinate-space expressions with the function
For contact interactions, a non-local Gaussian regulator in momentum space is employed with the cutoff Λ being related to R via Λ = 2/R. We emphasize that the calculations reported in this paper do not include the contributions of three-and four-nucleon forces and are thus incomplete starting from N 2 LO. For SNM, the LO (i.e. Q 0 ), NLO (i.e. Q 2 ) and N 4 LO N N potentials yield lager binding energies for softer interactions (i.e. for larger cutoffs R), while the situation is opposite at N 2 LO and N 3 LO. For PNM, the harder (softer) interactions yield more (less) attraction at LO. . .N 3 LO (N 4 LO). This complicated pattern suggests that the EOS is rather sensitive to the details of the nuclear force and especially to the interplay between its intermediate and short-range components which is expected to be strongly regulator dependent. Our results at NLO agree well with the ones reported in [59] both for SNM and PNM 2 and with the Quantum Monte Carlos calculation of [38] for PNM. Interestingly, the cutoff dependence of the energy per particle of PNM at NLO is qualitatively different from the one found in [59] which demonstrates that the form of the regulator does significantly affect the properties of the resulting potentials. Generally, our results for both SNM and PNM show an increasing attraction in the N N force when going from LO to N 2 LO, that can probably be traced back to the two-pion exchange potential (TPEP), which has a very strong attractive central isoscalar piece. At N 3 LO, the chiral TPEP receives further attractive contributions but also develops a repulsive short-range core. The additional repulsion at N 4 LO comes from the contributions to the TPEP at this order. The EOSs based on the N 3 LO and N 4 LO potentials alone show saturation points below ρ = 0.4 fm −3 except for N 3 LO at R = 0.8 fm and R = 0.9 fm. It is instructive to compare the results based on the most accurate chiral potentials at N 4 LO with the ones from high-precision phenomenological interactions such as the AV18 potential [9] . In Table. 1, we list the saturation properties, saturation densities and saturation binding energies per particle, and the effective 
at the saturation point for the AV18 and N 4 LO potentials, while the contributions of the various partial waves up to J = 4 to the potential energy per nucleon at the saturation density are given in Table 2 . Notice that the listed saturation properties are still far from the empirical data (ρ sat ∼ 0.16 fm −3 and E/A ∼ 16 MeV) due to the missing 3NF contributions [57, 62] . Naturally, we observe that the results based on the hardest version of the N 4 LO potential with R = 0.8 fm are rather similar to those based on AV18. Interestingly, we find that the partial wave contributions to the energy increase when the N 4 LO potentials are softened by increasing the coordinate-space cutoff R (except for the Table 3 , the partial wave contributions to potential energy at the empirical saturation density, ρ = 0.16 fm −3 for different N N potentials are listed from 1 S 0 to 3 G 4 states. It is found that all contributions are nearly cutoffindependent expect the ones from
, and 3 D 3 -3 G 3 states, which are decreasing with the cutoffs R. Actually, the size of these contributions is strongly dependent on the central and tensor components in the N N potential. The larger cutoff R corresponds to stronger short-range correlations and removes more repulsive contribution on the N N potential at short distance. It will generate more attractive binding energy. Our results for the saturation density and binding energy confirm the linear correlation between these two quantities known as the Coester line [63] , see also [57] . Calculations within the BHF theory using phenomenological potentials have revealed that the position on the Coester line is correlated with the deuteron D-state probability P D with smaller values of P D typically resulting in smaller saturation energy and density [6, 57] . We do not observe this correlation for the chiral N 4 LO potentials with P D = 4.28% (P D = 5.12%) for R = 0.8 fm (R = 1.2 fm). This is similar to the lack of correlation between P D and the triton binding energy for the novel chiral potentials [41] . We remind the reader that the D-state probability is not an observable.
We have also extracted the symmetry energy of nuclear matter a symm (ρ), the quantity which describes the response of the nuclear force on excess neutrons or protons and plays an important role in understanding the properties of nuclei and astrophysical objects. The symmetry energy a symm (ρ) is defined in terms of the expansion of the asymmetric nuclear matter in powers of the asymmetry parameter δ ≡ (ρ n − ρ p )/ρ, with ρ n and ρ p referring to the neutron and proton number densities, via
The terms beyond the quadratic one are known to be very small [64] , so that the symmetry energy can be well approximated by
where E/A is viewed as a function of ρ and δ. While the calculated symmetry energies show significant cutoff dependence at LO and NLO, which is comparable to that of (E/A) SNM and (E/A) PNM , the results at higher orders are almost insensitive to the values of R and show a little variation with the order of the chiral expansion. The resulting value of a symm = 27.9 − 30.5 MeV at the empirical saturation density, calculated using the N 4 LO potentials, is consistent with the empirical constraints and the results from the phenomenological high-precision N N potentials [57] with a symm = 28.5 − 32.6 MeV at ρ = 0.17 fm −3 and the ones from the functional renormalization group method with a symm = 29.0 − 33.0 MeV at ρ = 0.16 fm −3 [55] . Furthermore, Vidaña et al. also studied the properties of the symmetry energy with AV 18 potential plus a phenomenological three-body force as Urbana type [66] . However, it is found that the isovector properties of nuclear matter are not affected by the three-body force too much.
Uncertainty quantification
We now turn to the important question of uncertainty quantification from the truncation of the chiral expansion. Actually, Baldo et al. attempted to quantify the theoretical uncertainties of the EOSs with the family of Argonne N N potential through comparing the BHF theory to other many-body approaches [65] . These uncertainties are strongly dependent on the methodologies of nuclear many-body approximation to treat the spin structures of potentials. Here we follow the approach formulated in Ref. [35] , which makes use of the explicitly known contributions to an observable of interest at various chiral orders to estimate the size of truncated terms without relying on cutoff variation. The algorithm proposed in [35] has been adjusted in Ref. [41] to enable applications to incomplete few-and many-nucleon calculations based on two-nucleon forces only. Here and in what follows, we use the method as formulated in that paper, which was also employed in [42] . Specifically, for an observable X(p) with p referring to the corresponding center-of-mass momentum scale, the theoretical uncertainty δX (i) of the i-th chiral order prediction X (i) is estimated via
where
, denote the chiral-order Q 2 and Q i contributions to X(p). The breakdown scale of the nuclear chiral EFT was estimated to be Λ b 600 MeV [35] . 3 The Bayesian analysis of the chiral EFT predictions for the N N total cross section of Ref. [67] has revealed, that the actual breakdown scale may even be a little higher than Λ b 600 MeV for R = 0.9 fm.
In Fig. 2 , we show the results for the EOS for SNM and PNM including the estimated theoretical uncertainties at various orders of the chiral expansion for the most accurate versions of the N N potentials with R = 0.9 fm and R = 1.0 fm [35, 36] . The expansion parameter Q at a given density is estimated by identifying the momentum scale p with the Fermi momentum k F , which is related to the density ρ via ρ = 2k
) for SNM (PNM), and assuming Λ b = 600 MeV. At the saturation density, the achievable accuracy of the chiral EFT predictions for the energy per particle may be expected to be about ±1.5 MeV (±0.3 MeV) for SNM and ±2 MeV (±0.7 MeV) for PNM at N 2 LO (N 4 LO). Notice that the expected accuracy at N 4 LO is significantly smaller than the current model dependence for these quantities. We further emphasize that the presented estimations should be taken with some care due to the nonavailability of complete calculations beyond NLO. More reliable estimations of the theoretical uncertainty using the approach of [35] will be possible once the corresponding three-and four-nucleon forces are included.
Our results confirm the conclusions of [59] that cutoff variation does not provide an adequate way for estimating the uncertainties in the calculations of the nuclear EOS. As discussed in [35] , the residual cutoffdependence of observables may generally be expected to underestimate the theoretical uncertainty at NLO and N 3 LO, which is consistent with our results. Further, the spread of results for different values of R at N 4 LO appears to be roughly of a similar size as the estimated uncertainty at this order. We, however, refrain from drawing more definite conclusions on the cutoff dependence based on the incomplete calculations.
Finally, we have also quantified the achievable accuracy of the theoretical determination of the symmetry energy a symm and the slope parameter L, defined as L = 3ρ ∂(E/A) SNM /∂ρ, at the empirical saturation density. These important quantities have been constrained by the available experimental information on e.g. neutron skin thickness, heavy ion collisions and dipole polarizabilities leading to the ranges of 29 MeV a symm 33 MeV and 40 MeV L 62 MeV [68, 69, 70] . In Fig. 3 , we show our results for these quantities using the N N potentials from LO to N 4 LO along with the estimated theoretical uncertainties. Especially for the slope parameter, a complete calculation at N 4 LO would yield a theoretical prediction much more accurate than the current experimental data.
Summary and conclusions
In summary, we calculated the equations of state (EOSs) of SNM and PNM with the state-of-the-art chiral N N potentials from LO to N 4 LO in the framework of Brueckner-Hartree-Fock theory. At N 4 LO, the EOS of SNM has saturation points for all employed cutoff values with the corresponding saturation densities and binding energies per particle being within the range of 0.28 . . . 0.40 fm −3 and −17.14 . . . − 23.28 MeV, respectively. These values are compatible with the ones based on the phenomenological high-precision potentials like e.g. the AV18 potential. The symmetry energy and the slope parameter at the saturation density are found to be in the range of a symm = 27.9 . . . 30.5 MeV and L = 49.4 . . . 55.0 MeV, respectively, using the N 4 LO potentials with the cutoff in the range of R = 0.8 . . . 1.2 fm. We have also estimated the achievable theoretical accuracy at various orders in the chiral expansion using the novel approach formulated in Refs. [35, 41] and discussed the convergence of the chiral expansion. Similar to [59] , we find that the residual cutoff dependence of the energy per particle does not allow for a reliable estimation of the theoretical uncertainty, see also the discussion in Ref. [35] . We find that chiral EFT may be expected to provide an accurate description of SNM and PNM at the saturation density, with the expected accuracy of a few percent at N 4 LO. At this order, a semi-quantitative description of the EOS should be possible up to about twice the saturation density of nuclear matter. Clearly, this will require a consistent inclusion of the corresponding many-body forces. Work along these lines is in progress to compare with the existing calculations with two-body and three-body chiral force [52, 59] .
